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Abstract

Via Rindler’s coordinate transformation, wave equation in frame moving at uniform acceleration
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= 0. The equation reduces to
the normal wave equation when acceleration a = 0, thus it is a generalization of the normal wave
equation. The generalized wave equation is invariant under coordinates transformation of Rindler
metric. Several cases are studied with the generalized equation, 1) plane wave propagating along
the uniform acceleration is derived, 2) there is a static solution of field of static point charge in
uniform accelerating frame, 3) observed from a uniformly accelerating frame, field of freely falling
charge is bound to the charge, 4) observed from an inertial frame, field of uniformly accelerating

charge is bound to the charge.
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Wave equation is used to describe the dynamics of electromagnetic fields[1].
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However, not everything can be settled, one interesting case is a freely falling charge in
gravity field. According to solution via Green’s function, a freely falling charge accelerates
and radiates thus experiences radiation reaction slowing its falling. On the other hand,
equivalence principle states that all objects fall freely in gravity field in identical ways.

Such a difficulty has drawn great interest and has been extensively studied in the problem
of radiation reaction or self force. Based on the conservation of energy, equation of motion
with self force was derived in [2]. Such a solution suffers from the problems of runaway
and preacceleration which were resolved by a technique of reduction of order [3]. Later,
this derivation was generalized to the problem in curved spacetime[4]. The idea was further
extended to the case for gravity [5] and an axiomatic approach for treating the problem in
curved spacetime was developed [6]. Subsequently, a mode sum regularization method was
introduced [7] and a decomposition approach was revealed to identify the radiative part of
the field [8]. Recently, these techniques are used to compute the self force in various cases
[9-16], in studies on static charge and motion of charge in curved spacetime.

Here, in dealing with field in uniformly accelerating frames, wave equation (1) is general-
ized to incorporate the impact of acceleration. The generalized equation reduces to the wave
equation (1) when in an inertial frame where acceleration @ = 0. With the generalized wave
equation, 1) plane wave propagating along the acceleration is derived, 2) it is shown that
static charge in uniformly accelerating frame has a static surrounding field, 3) field around a
freely falling charge is bound to the charge, 4) field around a uniformly accelerating charge
is bound to the charge, thus no radiation is emitted.

The following discussion involves two kinds of coordinates, 1) coordinates in inertial frame
Fy, (z0, Yo, 20, to), 2) coordinates in frame F, moving at uniform acceleration a, (4, Ya, Za, ta)-
Without loss of generality, we assume that the accelertion a is along the x axis. Then Rindler

coordinate transformation between frames are
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As shown in Appendix A
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With equations (4) and (5), wave operator becomes
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Thus with coordinate transformation (3), wave equation (1) becomes
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equation (8) is the generalized wave equation in frame F, moving at uniform acceleration
a along x axis. When a — 0, eqn (8) reduces to the normal wave equation (1). Thus,
wave equation (1) is a special case of eqn. (8) in inertial frame where a = 0. Since eqn.

(8) is derived essentially via a transformation of eqn. (1) with Rindler’s coordinate, it is

invariant under coordinate transformation of Rindler metric, just as wave equation (1) is
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invariant under Lorentz transformation. Eqn. (8) is applicable to the potential of electric
and magnetic fields, and its anisotropy is due to the special direction defined by the uniform
acceleration a.

While wave equation (1) is used to compute field in inertial frame Fp, the generalized
equation (7) or (8) shall be used instead of eqn. (1) in computing field in frame F, moving
at uniform acceleration a along x axis. Following are applications of the generalized wave
equation in several cases.

First, for plane wave propagating along the uniform acceleration a(x axis) in free space,
equation (7) becomes

o} n 1 ov c? 0*
ox?  x,+ % 0ra  a®(z, + %)2 ot?

~0 9)

it can be verified that for function ¢, the following ¥ is solution to eqn. (9)
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eqn. (10) is the generalized plane wave propagating along the acceleration, in frame moving
at uniform accelertion a along x axis. With simple calculus,
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that is, the generalized plane wave (10) reduces to the normal propagating plane wave when
in inertial frame where a = 0.
Secondly, with a pair of static point source located at (0,0,0) and (—%, 0,0) in a uni-

formly accelerating frame, the generalized wave equation for a static field becomes
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It can be verified that (Appendix B)
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is a static solution of eqn. (12). Since Rindler’s transformation is valid only in the region
Ty > —%, within the valid region, eqn. (13) is the static field of one single point source
at (0,0,0) in uniformly accelerating frame. When in inertial frame where a = 0, eqn. (13)

reduces to 1/(/22 4+ y2 + 22, in agreement with the field of point source in inertial frame.
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Thirdly, in a uniformly accelerating frame F,, the trajectory of a freely falling charge is
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Then the generalized wave equation for a freely falling charge is

0> N 1 ov N 9*U N 0*U c? 0*U
ox?  x,+ % Ox,  0y2 022  a2(w,+ %)2 ot?
2 at 2
=9 a —_ h —) - > Yas %a 15
((rat Syeosh(2) =y, 2, (15)

The solution to eqn. (15) is (Appendix C)
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Equations (14) - (16) can reduce to the corresponding inertial result when a — 0. Though
U in (16) is a varying field, it is essentially a static field 1/v/22 + 4% + 22 around a moving
center whose trajectory is defined by eqn. (14), thus ¥ in (16) is bound to the source.

More generally, varying fields may arise in two scenarios. 1) Propagating wave in the
form of U = ¢)(x+ct) as in eqn. (11) is a radiative field. 2) Bound fields of a moving source
in certain trajectory T'(x,t) = 0 can be written as ¥ = ¢(7'(x,t)). One such example is
field of a freely falling charge in eqn. (16).

At a first glance, the above two scenarios have some similarities, as radiative field in the
form of W = ¢(x £ ct) appears as a special case of the second scenario when T'(x,t) = x £ ct.
However, no source can move at the speed of light, thus T'(x,t) = x+ct = 0 does not specify
a valid trajectory of any source, hence there is clear difference between the two scenarios.

In the case of propagating wave, the field always propagates at the speed of light regardless
of the observing frame. Since Green’s function represents fields traveling at the speed of
light ¢, propagating wave can be computed via Green’s function,

In the case of freely falling charge, the field moves along with the source so ¥ appears
time varying. However, there exists some frame in which the source is at rest and the field
appears static and bound to the source. Because the retarded and advanced wave travel at
the speed of light in all frames, they are radiative fields and can not be bound to a source.
Thus Green’s function can not account for the bound fields around a moving source.

The bound field of a freely falling charge in eqn. (16) radiates no power, which disagrees

with the Larmor’s formula for computing the power radiated from an accelerating charge.
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The discrepancy arises as Larmor’s rule is based on wave equation (1) applicable in inertial
frame, while eqn. (16) comes from the generalized wave equation (7) suitable in uniformly
accelerating frame. A freely falling charge shall be considered in a context of uniform grav-
ity /uniformly accelerating frame with equation (7). In addition, Larmor’s formula depends
on Green’s function. As pointed out before, Green’s function can only deal with radiative
fields traveling at the speed of light, when applied to a freely falling charge, it imporperly
takes the bound field around the charge as radiative field.

In the forth case, a uniformly accelerating charge is studied. Observed from an inertial

frame, the trajectory of a uniformly accelerating charge is
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It can be verified that (Appendix D)
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without loss of generality, assuming a > 0, \/ (zo + )2 — (cto)? + % > 0, then the second

term of the right hand side of eqn. (20) vanishes. Thus eqn. (19) is a solution of
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the right hand side of eqn. (21) represents a point source moving along trajectory specified
in eqn. (18). On the other hand, ¥ in eqn. (19) is essentially a static field
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moving along trajectory specified in eqn. (18), i.e. the same trajectory of the point source,
which W is bound to.

Since advanced and retarded wave of Green’s function propagate at the speed of light
in all observing frame, they do not represent the bound field. Hence, Lienard-Wiechert
potential, derived from Green’s function, does not account for ¥ in eqn. (19).

In summary, wave equation (1) is appropriate only in inertial frame, enhanced wave
equation is needed to compute field within an accelerating frame. Here, a generalized wave
equation is presented to compute fields in frame moving at uniform acceleration a along x
axis. With the equivalence principle, the generalized wave equation can also be regarded as
impact of gravity g on the wave. Other generalizations are needed for different metric. As
a common requirement, all generalized equation shall reduce to the normal wave equation

when the impact of acceleration vanishes as a = 0.

APPENDIX A: COORDINATE TRANSFORMATION
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APPENDIX B: STATIC CHARGE IN UNIFORMLY ACCELERATING FRAME
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APPENDIX C: FIELD OF FREELY FALLING CHARGE
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Thus, (C1) is the solution of (C8), the field of freely falling charge.
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APPENDIX D: UNIFORMLY ACCELERATING CHARGE
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