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PREFACE

The pattern set nearly 70 years ago by Maxwell’s Treatise on Electric-
ity and Magnetism has had a dominant influence on almost every subse-
quent English and American text, persisting to the present day. The
Treatise was undertaken with the intention of presenting a connected
account of the entire known body of electric and magnetic phenomena
from the single point of view of Faraday. Thus it contained little or
no mention of the hypotheses put forward on the Continent in earlier
years by Riemann, Weber, Kirchhoff, Helmholtz, and others. It is
by no means clear that the complete abandonment of these older theories
was fortunate for the later development of physics. So far as the
purpose of the Treatise was to disseminate the ideas of Faraday, it was
undoubtedly fulfilled; as an exposition of the author’s own contributions,
it proved less successful. By and large, the theories and doctrines
peculiar to Maxwell—the concept of displacement current, the identity
of light and electromagnetic vibrations—appeared there in scarcely
greater completeness and perhaps in a less attractive form than in the
original memoirs. We find that all of the first volume and a large part
of the second deal with the stationary state. In fact only a dozen pages
are devoted to the general equations of the electromagnetic field, 18 to
the propagation of plane waves and the electromagnetic theory of light,
and a score more to magnetooptics, all out of a total of 1,000. The
mathematical completeness of potential theory and the practical utility of
circuit theory have influenced English and American writers in very
nearly the same proportion since that day. Only the original and
solitary genius of Heaviside succeeded in breaking away from this course.

For an exploration of the fundamental content of Maxwell’s equations
one must turn again to the Continent. There the work of Hertz, Poin-
caré, Lorentz, Abraham, and Sommerfeld, together with their associates
and successors, has led to a vastly deeper understanding of physical
phenomena and to industrial developments of tremendous proportions.

The present volume attempts a more adequate treatment of variable
electromagnetic fields and the theory of wave propagation. Some atten-
tion is given to the stationary state, but for the purpose of introducing
fundamental concepts under simple conditions, and always with a view
to later application in the general case. The reader must possess a
general knowledge of electricity and magnetism such as may be acquired
from an elementary course based on the experimental laws of Coulomb,
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vi PREFACE

Ampere, and Faraday, followed by an intermediate course dealing with
the more general properties of circuits, with thermionic and electronic
devices, and with the elements of electromagnetic machinery, termi-
nating in a formulation of Maxwell’s equations. This book takes up
at that point. The first chapter contains a general statement of the
equations governing fields and potentials, a review of the theory of units,
reference material on curvilinear coordinate systems and the elements of
tensor analysis, concluding with a formulation of the field equations in
a space-time continuum. The second chapter is also general in char-
acter, and much of it may be omitted on a first reading. Here one will
find a discussion of fundamental field properties that may be deduced
without reference to particular coordinate systems. A dimensional
analysis of Maxwell’s equations leads to basic definitions of the vectors
E and B, and an investigation of the energy relations results in expres-
sions for the mechanical force exerted on elements of charge, current, and
neutral matter. In this way a direct connection is established between
observable forces and the vectors employed to describe the structure of a
field.

In Chaps. IIT and IV stationary fields are treated as particular cases
of the dynamic field equations. The subject of wave propagation is
taken up first in Chap. V, which deals with homogeneous plane waves.
Particular attention is given to the methods of harmonic analysis, and
the problem of dispersion is considered in some detail. Chapters VIand
VII treat the propagation of cylindrical and spherical waves in unbounded
spaces. A necessary amount of auxiliary material on Bessel functions
and spherical harmonics is provided, and consideration is given to vector
solutions of the wave equation. The relation of the field to its source,
the general theory of radiation, and the outlines of the Kirchhoff-Huygens
diffraction theory are discussed in Chap. VIII.

Finally, in Chap. IX, we investigate the effect of plane, cylindrical,
and spherical surfaces on the propagation of electromagnetic fields.
This chapter illustrates, in fact, the application of the general theory
established earlier to problems of practical interest. The reader will
find here the more important laws of physical optics, the basic theory
governing the propagation of waves along cylindrical conductors, a
discussion of cavity oscillations, and an outline of the theory of wave
propagation over the earth’s surface.

It is regrettable that numerical solutions of special examples could
not be given more frequently and in greater detail. Unfortunately the
demands on space in a book covering such a broad field made this imprac-
tical. The primary objective of the book is a sound exposition of
electromagnetic theory, and examples have been chosen with a view to
illustrating its principles. No pretense is made of an exhaustive treat-
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ment of antenna design, transmission-line characteristics, or similar
topics of engineering importance. It is the author’s hope that the
present volume will provide the fundamental background necessary for
a critical appreciation of original contributions in special fields and satisfy
the needs of those who are unwilling to accept engineering formulas
without knowledge of their origin and limitations.

Each chapter, with the exception of the first two, is followed by a
set of problems. There is only one satisfactory way to study a theory,
and that is by application to specific examples. The problems have been
chosen with this in mind, but they cover also many topics which it was
necessary to eliminate from the text. This is particularly true of the
later chapters. Answers or references are provided in most cases.

This book deals solely with large-scale phenomena. It is a sore
temptation to extend the discussion to that fruitful ficld which Frenkel
terms the ‘“ quasi-microscopic state,” and to deal with the many beautiful
results of the classital electron theory of matter. In the light of con-
temporary developments, anyone attempting such a program must soon
be overcome with misgivings. Although many laws of classical electro-
dynamics apply directly to submicroscopic domains, one has no basis
of selection. The author is firmly convinced that the transition must be
made from quantum electrodynamics toward classical theory, rather
than in the reverse direction. Whatever form the equations of quantum
electrodynamics ultimately assume, their statistical average over large
numbers of atoms must lead to Maxwell’s equations.

The m.k.s. system of units has been employed exclusively. There
is still the feeling among many physicists that this system is being forced
upon them by a subversive group of engineers. Perhaps it is, although
it was Maxwell himself who first had the idea. At all events, it is a good
system, easily learned, and one that avoids endless confusion in practical
applications. At the moment there appears to be no doubt of its uni-
versal adoption in the near future. Help for the tories among us who
hold to the Gaussian system is offered on page 241.

In contrast to the stand taken on the m.k.s. system, the author
has no very strong convictions on the matter of rationalized units.
Rationalized units have been employed because Maxwell’s equations are
taken as the starting point rather than Coulomb’s law, and it seems
reasonable to make the point of departure as simple as possible. As a
result of this choice all equations dealing with energy or wave propagation
are free from the factor 4r. Such relations are becoming of far greater
practical importance than those expressing the potentials and field
vectors in terms of their sources.

The use of the time factor e—i* instead of ett is another point of
mild controversy. This has been done because the time factor is invar-
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iably discarded, and it is somewhat more convenient to retain the positive
exponent et*® for a positive traveling wave. To reconcile any formula
with its engineering counterpart, one need only replace —z by +j.

The author has drawn upon many sources for his material and is
indebted to his colleagues in both the departments of physics and of
electrical engineering at the Massachusetts Institute of Technology.
Thanks are expressed particularly to Professor M. F. Gardner whose
advice on the practical aspects of Laplace transform theory proved
invaluable, and to Dr. S. Silver who read with great care a part of the
manuscript. In conclusion the author takes this occasion to express his
sincere gratitude to Catherine N. Stratton for her constant encourage-
ment during the preparation of the manuscript and untiring aid in the
revision of proof.

JuLius ApaMs STRATTON.

CAMBRIDGE, Mass.,
January, 1941.
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ELECTROMAGNETIC THEORY

CHAPTER 1
THE FIELD EQUATIONS

A vast wealth of experimental evidence accumulated over the past
century leads one to believe that large-scale electromagnetic phenomena
are governed by Maxwell’s equations. Coulomb’s determination of the
law of force between charges, the researches of Ampére on the interaction
of current elements, and the observations of Faraday on variable fields
can be woven into a plausible argument to support this view. The
historical approach is recommended to the beginner, for it is the simplest
and will afford him the most immediate satisfaction. In the present
volume, however, we shall suppose the reader to have completed such a
preliminary survey and shall credit him with a general knowledge of the
experimental facts and their theoretical interpretation. Electromagnetic
theory, according to the standpoint adopted in this book, is the theory of
Maxwell’s equations. Consequently, we shall postulate these equations
at the outset and proceed to deduce the structure and properties of the
field together with its relation to the source. No single experiment
constitutes proof of a theory. The true test of our initial assumptiong
will appear in the persistent, uniform correspondence of deduction with
observation.

In this first chapter we shall be occupied with the rather dry business
of formulating equations and preparing the way for our investigation.

MAXWELL'S EQUATIONS

1.1. The Field Vectors.—By an electromagnetic field let us under-
stand the domain of the four vectors E and B, D and H. These vectors
are assumed to be finite throughout the entire field, and at all ordinary
points to be continuous functions of position and time, with continuous
derivatives. Discontinuities in the field vectors or their derivatives
may occur, however, on surfaces which mark an abrupt change in the
physical properties of the medium. According to the traditional usage,
E and H are known as the intensities respectively of the electric and
magnetic field, D is called the electric displacement and B, the magnetic
induction. Eventually the field vectors must be defined in terms of the

experiments by which they can be measured. Until these experiments
1
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are formulated, there is no reason to consider one vector more funda-
mental than another, and we shall apply the word intensity to mean
indiscriminately the strength or magnitude of any of the four vectors
at a point in space and time.

The source of an electromagnetic field is a distribution of electric
charge and current. Since we are concerned only with its macroscopic
effects, it may be assumed that this distribution is continuous rather
than discrete, and specified as a function of space and time by the den-
sity of charge p, and by the vector current density J.

We shall now postulate that at every ordinary point in space the ficld
vectors are subject to the Maxwell equations:

oB

¢)) VXE+—&‘—0,
aD

()] VXH—-a—t'—J.

By an ordinary point we shall mean one in whose neighborhood the
physical properties of the medium arc continuous. It hasbeen noted that
the transition of the field vectors and their derivatives across a surface
bounding a material body may be discontinuous; such surfaces must,
therefore, be excluded until the nature of these discontinuities can be
investigated.

1.2. Charge and Current.—Although the corpuscular nature of elec-
tricity is well established, the size of the elementary quantum of charge
is too minute to be taken into account as a distinct entity in a strictly
macroscopic theory. Obviously the frontier that marks off the domain
of large-scale phenomena from those which are microscopic is an arbi-
trary one. To be sure, a macroscopic element of volume must contain
an enormous number of atoms; but that condition alone is an insufficient
criterion, for many crystals, including the metals, exhibit frequently a
microscopic “grain”’ or “mosaic’’ structure which will be excluded from
our investigation. We are probably well on the safe side in imposing
a limit of one-tenth of a millimeter as the smallest admissible element
of length. There are many experiments, such as the scattering of light
by particles no larger than 103 mm. in diameter, which indicate that
the macroscopic theory may be pushed well beyond the limit suggested.
Nonetheless, we are encroaching here on the proper domain of quantum
theory, and it is the quantum theory which must eventually determine
the validity of our assumptions in microscopic regions.

Let us suppose that the charge contained within a volume element Ay
is Ag. The charge density at any point within Av will be defined by the
relation

@3) Agq = p Av.
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Thus by the charge density at a point we mean the average charge per
unit volume in the neighborhood of that point. In a strict sense (3)
does not define a continuous function of position, for Av cannot approach
zero without limit. Nonetheless we shall assume that p can be repre-
sented by a function of the coordinates and the time which at ordinary
points is continuous and has continuous derivatives. The value of the
total charge obtained by integrating that function over a large-scale
volume will then differ from the true charge contained therein by a
microscopic quantity at most.

Any ordered motion of charge constitutes a current. A current dis-
tribution is characterized by a vector field which specifies at each point
not only the intensity of the flow but also its dircetion. As in the study
of fluid motion, it is convenient to imagine streamlines traced through
the distribution and everywhere tangent to the direction of flow. Con-
sider a surface which is orthogonal to a system of streamlines. The
current density at any-point on this surface is then defined as a vector J
dirccted along the streamline through the point and equal in magnitude
to the charge which in unit time crosses unit area of the surface in the
vicinity of the point. On the other hand the current I across any surface
S is equal to the rate at which charge crosses that surface. If n is the
positive unit normal to an element Aa of S, we have

4) Al = J-nAa.

Since Aa is a macroscopic element of area, Eq. (4) does not define the
current density with mathematical rigor as a continuous function of
position, but again one may represent the distribution by such a function
without incurring an appreciable error. The total current through S is,
therefore,

) I=fJ-nda

Since electrical charge may be either positive or negative, a convention
must be adopted as to what constitutes a positive current. If the flow
through an element of area consists of positive charges whose velocity
vectors form an angle of less than 90 deg. with the positive normal n,
the current is said to be positive. If the angle is greater than 90 deg., the
current is negative. Likewise if the angle is less than 90 deg. but the
charges are ncgative, the current through the element is negative. In
the case of metallic conductors the carriers of electricity are presumably
negative electrons, and the direction of the current density vector is
therefore opposed to the direction of electron motion.

Let us suppose now that the surface S of Eq. (5) is closed. We shall
adhere to the customary convention that the positive normal to a closed
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surface 18 drawn outward. In virtue of the definition of current as the
flow of charge across a surface, it follows that the surface integral of the
normal component of J over S must measure the loss of charge from the
region within. There is no experimental evidence to indicate that under
ordinary conditions charge may be either created or destroyed in macro-
scopic amounts. One may therefore write

(6) f]' nda——g—fvpdv,

where V is the volume enclosed by S, as a relation cxpressing the con-
servation of charge. The flow of charge across the surface can originate
in two ways. The surface S may be fixed in space and the density p
be some function of the time as well as of the coordinates; or the charge
density may be invariable with time, while the surface moves in some
prescribed manner. In this latter event the right-hand integral of (6)
is a function of time in virtue of variable limits. If, however, the surface
is fixed and the integral convergent, one may replace d/dt by a partial
derivative under the sign of integration.

) f] nda——f@dv

We shall have frequent occasion to make use of the divergence theorem
of vector analysis. Let A(z, y, 2) be any vector function of position
which together with its first derivatives is continuous throughout a
volume V and over the bounding surface 8. The surface S is regular
but otherwise arbitrary.! Then it can be shown that

(8) fsA.nda=va.Adv.

As a matter of fact, this relation may be advantageously used as a
definition of the divergence. To obtain the value of V - A at a point P
within V, we allow the surface S to shrink about P. 'When the volume V
has become sufficiently small, the integral on the right may be replaced
by VV - A, and we obtain

()] VA =lim = fA n da.
S—0 V

1 A regular element of arc is represented in parametric form by the equations
z = z(t), y = y(t), z = 2(¢) such that in the intervala <t < b z, y, 2 are continuous,
single-valued functions of ¢ with continuous derivatives of all orders unless otherwise
restricted. A regular curve is constructed of a finite number of such arcs joined end
to end but such that the curve does not cross itself. Thus a regular curve has no
double points and is piecewise differentiable. A regular surface element is a portion
of surface whose projection on a properly oriented plane is the interior of a regular
closed curve. Hence it does not intersect itself. Cf. Kellogg, ‘ Foundations of Poten-
tial Theory,” p. 97, Springer, 1929.
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The divergence of a vector at a point is, therefore, to be interpreted as the
integral of its normal component over an infinitesimally small surface
enclosing that point, divided by the enclosed volume. The flux of a
vector through a closed surface is a measure of the sources within; hence
the divergence determines their strength at a point. Since S has been
shrunk close about P, the value of A at every point on the surface may
be expressed analytically in terms of the values of A and its derivatives
at P, and consequently the integral in (9) may be evaluated, leading in
the case of rectangular coordinates to

94, | 04, |, oA,
=%z T dy L

(10) V.A

On applying this theorem to (7) the surface integral is transformed
to the volume integral

1) : fV(V-J+—g—§)du=0.

Now the integrand of (11) is a continuous function of the coordinates
and hence there must exist small regions within which the integrand does
not change sign. If the integral is to vanish for arbitrary volumes V, it
is necessary that the integrand be identically zero. The differential
equation

(12) VI+ 2=

expresses the conservation of charge in the neighborhood of a point.
By analogy with an equivalent relation in hydrodynamics, (12) is fre-
quently referred to as the equation of continuaty.

If at every point within a specified region the charge density is con-
stant, the current passing into the region through the bounding surface
must at all times equal the current passing outward. Over the bounding
surface S we have

(13) [J-nda=o,
and at every interior point
(14) v.-J=0.

Any motion characterized by vector or scalar quantities which are
independent of the time is said to be steady, or stationary. A steady-
state flow of electricity is thus defined by a vector J which at every point
within the region is constant in direction and magnitude. In virtue of
the divergenceless character of such a current distribution, it follows
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that in the steady state all streamlines, or current filaments, close upon
themselves. The field of the vector J is solenoidal.

1.3. Divergence of the Field Vectors.—Two further conditions satis-
fied by the vectors B and D may be deduced directly from Maxwell’s
equations by noting that the divergence of the curl of any vector vanishes
identically. We take the diverger.ce of Eq. (1) and obtain

B 9

(15) V"g[*gv'B—O'

The commutation of the operators V and /4t is admissible, for at an
ordinary point B and all its derivatives are assumed to be continuous.
It follows from (15) that at every point in the field the divergence of B
is constant. If ever in its past history the field has vanished, this con-
stant must be zero and, since one may recasonably suppose that the
initial generation of the field was at a time not infinitely remote, we
conclude that

(16) V.-B =0,

and the field of B is therefore solenoidal.
Likewise the divergence of Eq. (2) leads to

(17) v-J+%v-D=0,
or, in virtue of (12), to

(18) %(V-D—p)=o.

If again we admit that at some time in its past or future history the field
may vanish, it is necessary that

(19) V:D =,

The charges distributed with a density p constitute the sources of the
vector D.

The divergence equations (16) and (19) are frequently included as
part of Maxwell’s system. It must be noted, however, that if one assumes
the conservation of charge, these are not independent relations.

1.4. Integral Form of the Field Equations.—The properties of an
electromagnetic field which have been specified by the differential equa-
tions (1), (2), (16), and (19) may also be expressed by an equivalent
system of integral relations. To obtain this equivalent system, we apply
a second fundamental theorem of vector analysis.

According to Stokes’ theorem the line integral of a vector taken
about a closed contour can be transformed into a surface integral extended
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over a surface bounded by the contour. The contour C must either be
regular or be resolvable into a finite number of regular arcs, and it is
assumed that the otherwise arbitrary surface S bounded by C is two-
sided and may be resolved into a finite number of regular elements. The
positive side of the surface S is related to the positive direction of circu-
lation on the contour by the usual convention that an observer, moving
in a positive sense along C, will have the positive side of S on his left.
Then if A(z, y, 2) is any vector function of position, which together with
its first derivatives is continuous at all points of S and C, it may be shown
that

(20) LA~ds=L(VxA)-nda,

where ds is an element of length along C and n is a unit vector normal to
the positive side of the clement of area da. This transformation can
also be looked upon as an equation defining the curl. To determine the
value of V X A at a point P on S, we allow the contour to shrink about P
until the enclosed area S is reduced to an infinitesimal element of a plane
whose normal is in the direction specified by n. The integral on the
right is then equal to (Vv X A) - nS, plusinfinitesimals of higherorder. The
projection of the vector V X A in the direction of the normal is, therefore,

.1

(21) (VXA)°n_3_%SLA'dS'

The curl of a vector at a point is to be interpreted as the line integral of
that vector about an infinitesimal path on a surface containing the point,
per unit of enclosed area. Since A has been assumed analytic in the
neighborhood of P, its value at any point on C may be expressed in
terms of the values of A and its derivatives at P, so that the evaluation of
the line integral in (21) about the infinitesimal path can actually be
carricd out. In particular, if the element S is oriented parallel to the
yz-coordinate plane, one finds for the z-component of the curl

94, 94,

(22) (VX A), = -517 oz

Proceeding likewise for the y- and z-components we obtaip

(94, 04\ . .[0A, oA, 04, 0A,

(23) VXA=‘(ay “3?>+’(‘5z" ax)“‘(’a?“ ay)
i j K
1o o o
=\ o &

A’ Ay Al
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Let us now integrate the normal component of the vector 6B/dt over
any regular surface S bounded by a closed contour C. From (1) and
(20) it follows that

(24) fE-ds+faB-nda=0.
4 S

ot

If the contour is fixed, the operator 3/t may be brought out from under
the sign of integration.

]
(25) LE-ds—~5iLB-nda.
By definition, the quantity

(26) <I>=J;B-nda

is the magnetic flux, or more specifically the flux of the vector B through
the surface. According to (25) the line integral of the vector E about any
closed, regular curve in the field is equal
to the time rate of decrease of the magnetic
flux through any surface spanning that
2 curve. The relation between the direction
of circulation about a contour and the posi-
tive normal to a surface bounded by it is
Fio. 1—Convention celating illustrated in Fig. 1. A positive direction
direction of the positive normal about C is chosen arbltrarily and the flux
:bgfxtt:echi:ﬁri(g of circulation j5 then positive or negative according to
the direction of the lines of B with respect
to the normal. The time rate of change of ® is in turn positive or nega-
tive as the positive flux is increasing or decreasing.

We recall that the application of Stokes’ theorem to Eq. (1) is valid
only if the vector E and its derivatives arc continuous at all points of S
and C. Since discontinuities in both E and B occur across surfaces

arking sudden changes in the physical properties of the medium, the
question may be raised as to what extent (25) represents a general law
of the electromagnetic field. One might suppose, for example, that the
contour linked or pierced a closed iron transformer core. To obviate
this difficulty it may be imagined that at the surface of every material
body in the field the physical properties vary rapidly but continuously
within a thin boundary layer from their values just inside to their values
just outside the surface. In this manner all discontinuities are eliminated
from the field and (25) may be applied to every closed contour.

The experiments of Faraday indicated that the relation (25) holds
whatever the cause of flux variation. The partial derivative implies a
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variable flux density threading a fixed contour, but the total flux can
lixewise be changed by a deformation of the contour. To take this into
account the Faraday law is written generally in the form

d
27 J‘E ds = -afB~nda.

It can be shown that (27) is in fact a consequence of the differential
field equations, but the proof must be based on the electrodynamlcs of
moving bodies which will be touched upon in Sec. 1.22.

In like fashion Eq. (2) may be replaced by an equivalent integral
relation,

(28) fH-ds=I+i D .nda.
c dt Js

where I is the total current linking the contour as defined in (5). In the
steady state, the integral on the right is zero and the conduction current I
through any regular surface is equal to the line integral of the vector H
about its contour. If, however, the field is variable, the vector dD/dé
has associated with it a field H exactly equal to that which wouid be
produced by a current distribution of density

(29) r=2.

To this quantity Maxwell gave the name ‘““displacement current,” a term
which we shall occasionally employ without committing ourselves as
yet to any particular interpretation of the vector D.

The two remaining field equations (16) and (19) can be expressed in
an equivalent integral form with the help of the divergence theorem.
One obtains

(30) fﬁsn-nda =0,

stating that the total flux of the vector B crossing any closed, regular
surface is zero, and

(31) §SD-nda=ﬁ,pdv=q,

according to which the flux of the vector D through a closed surface is
equal to the total charge ¢ contained within. The circle through the
sign of integration is frequently employed to emphasize the fact that a
contour or surface is closed.
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MACROSCOPIC PROPERTIES OF MATTER

1.6. The Inductive Capacities ¢ and y.—No other assumptions have
been made thus far than that an electromagnetic field may be charac-
terized by four vectors E, B, D, and H, which at ordinary points satisfy
Maxwell’s equations, and that the distribution of current which gives
rise to this field is such as to ensure the conservation of charge. Between
the five vectors E, B, D, H, J there are but two independent relations, the
equations (1) and (2) of the preceding section, and we are therefore obliged
to impose further conditions if the system is to be made determinate.

Let us begin with the assumption that at any given point in the field,
whether in free space or within matter, the vector D may be represented
as a function of E and the vector H as a function of B.

1) D = D(E), H = H(B).

The nature of these functional relations is to be determined solely by the
physical properties of the medium in the immediate neighborhood of the
specified point. Certain simple relations are of most common occurrence.

1. In free space, D differs from E only by a constant factor, as does H
from B. Following the traditional usage, we shall write

@) D=¢E H-=1ls.
Mo

The values and the dimensions of the constants ¢ and u, will depend
upon the system of units adopted. In only onc of many wholly arbitrary
systems does D reduce to E and H to B in empty space.

2. If the physical properties of a body in the neighborhood of some
interior point are the same in all directions, the body is said to be zso-
tropic. At every point in an isotropic medium D is parallel to E and H
is parallel to B. The relations between the vectors, moreover, are linear
in almost all the soluble problems of electromagnetic theory. For the
isotropic, linear case we put then

3) D = ¢E, H=%B.

The factors e and p will be called the inductive capacities of the medium.
The dimensionless ratios

= £ = £
“4) Ko = Km =
are independent of the choice of units and will be referred to as the
specific inductive capacities. The properties of a homogeneous medium
are constant from point to point and in this case it is customary to refer
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to «, as the dielectric constant and to k. as the permeability. In general,
however, one must look upon the inductive capacities as scalar functions
of position which characterize the electromagnetic properties of matter
in the large.

3. The properties of anisotropic matter vary in a different manner
along different directions about a point. In this case the vectors D and
E, H and B are parallel only along certain preferred axes. If it may be
assumed that the reclations are still linear, as is usually the case, one
may express each rectangular component of D as a linear function of the
three components of E.,

Dz = e11Ex + 512Ey + flaEz,
(5) Dy = ek, + 622Ey + 623Ez,
Dz = flez -+ észEy -+ 633E¢.

The coefficients ¢, of this lincar transformation arc the components of a
symmetric tensor. An analogous relation may be set up between the
vectors H and B, but the occurrence of such a linear anisotropy in what
may properly be called macroscopic problems is rare.

The distinction between the microscopic and macroscopic viewpoints
is nowhere sharper than in the interpretation of these parameters e and p,
or their tensor equivalents. A microscopic theory must deduce the
physical properties of matter from its atomic structure. It must enable
one to calculate not only the average field that prevails within a body but
also its local valuc in the neighborhood of a specific atom. It must tell
us how the atom will be deformed under the influence of that local field,
and how the aggregate effect of these atomic deformations may be
represented in the large by such paramecters as e and u.

We, on the other hand, are from the present standpoint sheer behav-
iorists. Our knowledge of maftter is, to use a large word, purely phe-
nomenological. Eachsubstanceis to be characterized electromagnetically
in terms of a minimum number of parameters. The dependence of the
parameters € and p on such physical variables as density, temperature,
and frequency will be established by experiment. Information given by
such measurements sheds much light on the internal structure of matter,
but the internal structure is not our present concern.

1.6. Electric and Magnetic Polarization.—To describe the electro-
magnetic state of a sample of matter, it will prove convenient to intro-
duce two additional vectors. We shall define the electric and magnetic
polarization vectors by the equations

©6) P =D — &, ~lp_m
Mo

The polarization vectors are thus definitely associated with matter and
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vanish in free space. By means of these relations let us now eliminate
D and H from the field equations. There results the system

oB
VXE—!‘&—t—O,

) va—em‘Z—f=uo(J+9§+va),

V.B =0, V-E=él(p—v-P),
0

which we are free to interpret as follows: the presence of rigid material
bodies in an electromagnetic field may be completely accounted for by an
equivalent distribution of charge of density —V P, and an equivalent

distribution of current of density %? + Vv X M.

In isotropic media the polarization vectors are parallel to the corre-
sponding field vectors, and are found experimentally to be proportional
to them if ferromagnetic materials are excluded. The electric and
magnetic susceptibilities x. and x. are defined by the relations

(8) P = x.&E, M = x. H.

Logically the magnetic polarization M should be placed proportional to B.
Long usage, however, has associated it with H and to avoid confusion
on a matter which is really of no great importance we adhere to this
convention. The susceptibilities x. and x., defined by (8) are dimension-
less ratios whose values are independent of the system of units employed.
In due course it will be shown that E and B are force vectors and in this
sense are fundamental. D and H are derived vectors associated with
the state of matter. The polarization vector P has the dimensions of D,
not E, while M and H are dimensionally alike. From (3), (6), and (8) it
follows at once that the susceptibilities are related to the specific induc-
tive capacities by the cquations

(9) Xa::Ke_l, Xm=Km_'1.

In anisotropic media the susceptibilities are represented by the com-
ponents of a tensor.

It will be a part of our task in later chapters to formulate experiments
by means of which the susceptibility of a substance may be accurately
measured. Such measurements show that the electric susceptibility is
always positive. In gases it is of the order of 0.0006 (air), but in liquids
and solids it may attain values as large as 80 (water). An inherent
difference in the nature of the vectors P and M is indicated by the fact
that the magnetic susceptibility x. may be either positive or negative.
Substances characterized by a positive susceptibility are said to be
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paramagnetic, whereas those whose susceptibility is negative are called
diamagnetic. 'The metals of the ferromagnetic group, including iron,
nickel, cobalt, and their alloys, constitute a particular class of substances
of enormous positive susceptibility, the value of which may be of the
order of many thousands. In view of the nonlinear relation of M to H
peculiar to these materials, the susceptibility x,. must now be interpreted
as the slope of a tangent to the M-H curve at a point corresponding to a
particular value of H. To include such cases the definition of suscepti-
bility is generalized to

M
(10) Xm = S
The susceptibilities of all nonferromagnetic materials, whether para-
magnetic or diamagnetic, are so small as to be negligible for most practical
purposes.

Thus far it has been assumed that a functional relation exists
between the vector P or M and the applied field, and for this reason
they may properly be called the induced polarizations. Under certain
conditions, however, a magnetic field may be associated with a ferro-
magnetic body in the absence of any external excitation. The body is
then said to be in a state of permanent magnetization. We shall main-
tain our initial assumption that the field both inside and outside the
magnet is completely defined by the vectors B and H. But now the
difference of these two vectors at an interior point is a fized vector M,,
which may be called the intensity of magnetization and which bears no
functional relationship to H. On the contrary the magnetization M,
must be interpreted as the source of the field. If an external field is
superposed on the field of a permanent magnet, the intensity of magneti-
zation will be augmented by the induced polarization M. At any interior
point we have, thercfore,

(11) B = u(H + M + M,).

Of this induced polarization we can only say for the present that it is a
function of the resultant H prevailing at the same point. The relation
of the resultant field within the body to the intensity of an applied field
generated by external sources depends not only on the magnetization
M, but also upon the shape of the body. There will be occasion to
examine this matter more carefully in Chap. IV.

1.7. Conducting Media.—To Maxwell’s equations there must now
be added a third and last empirical relation between the current density
and the field. We shall assume that at any point within a liquid or
solid the current density is a function of the field E.

(12) J = J(E.
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The distribution of current in an ionized, gaseous medium may depend
also on the intensity of the magnetic field, but since electromagnetic
phenomena in gaseous discharges are in general governed by a multitude
of factors other than those taken into account in the present theory, we
shall exclude such cases from further consideration.!

Throughout a remarkably wide range of conditions, in both solids
and weakly ionized solutions, the relation (12) proves to be linear.

(13) J = oE.

The factor ¢ is called the conductivity of the medium. The distinetion
between good and poor conductors, or insulators, is relative and arbitrary.
All substances exhibit conductivity to some degree but the range of
observed values of ¢ is tremendous. The conductivity of copper, for
example, is some 107 times as great as that of such a “good’’ conductor
as sea water, and 10'° times that of ordinary glass. In Appendix III
will be found an abbreviated table of the conductivities of representative
materials.

Equation (13) is simply Ohm’s law. Let us imagine, for example, a
stationary distribution of current throughout the volume of any con-
ducting medium. In virtue of the divergenceless character of the flow
this distribution may be represented by closed streamlines. If a and b
are two points on a particular streamline and ds is an element of its
length, we have

(14) j;bE-ds=J;bg-ds.

A bundle of adjacent streamlines constitutes a current filament or tube.
Since the flow is solenoidal, the current I through every cross section of
the filament is the same. Let S be the cross-sectional area of the filament
on & plane drawn normal to the direction of flow. S need not be infini-
tesimal, but is assumed to be so small that over its area the current
density is uniform. Then SJ-ds = I ds, and

3 b 4

(15) fE-ds=If—~ds.
a a O'S

The factor,

(16) R = i ;—S,ds

! It is true that to a very slight degree the current distribution in a liquid or solid
conductor may be modified by an impressed magnetic field, but the magnitude of this
so-called Hall effect is so small that it may be ignored without incurring an appreciable
error.
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is equal to the resistance of the filament between the points a and b.
The resistance of a linear section of homogeneous conductor of uniform
cross section S and length [ is

11

(17) R = a_g)

a formula which is strictly valid only in the case of stationary currents.

Within a region of nonvanishing conductivity there can be no permanent
distribution of free charge. 'This fundamentally important theorem can
be easily demonstrated when the medium is homogeneous and such that
the relations between D and E and J and E are linear. By the equation
of continuity,

% _g.pa
(18) V‘J+a—-v a’E-I—at =

On the other hand in a. homogeneous medium

(19) V-E=2,
which combined with (18) leads to

dp , o
(20) N + . p=0.

The density of charge at any instant is, therefore,

—%:

(21) p = po€ € ,

the constant of integration p, being equal to the density at the time ¢ = 0.
The initial charge distribution throughout the conductor decays expo-
nentially with the time at every point and in a manner wholly inde-
pendent of the applied field. If the charge density is initially zero, it
remains zero at all times thereafter.

The time

(22) T

Qo

required for the charge at any point to decay to 1/e of its original vaiue
is called the relaration time. In all but the poorest conductors 7 is
exceedingly small. Thus in sea water the relaxation time is about
2 X 10710 sec.; even in such a poor conductor as distilled water it is not
greater than 19-% sec. In the best insulators, such as fused quartz, it
may nevertheless assume values exceeding 10% sec., an instance of the
extraordinary range in the possible values of the parameter ¢.
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Let us suppose that at £ = 0 a charge is concentrated within a small
spherical region located somewhere in a conducting body. At every
other point of the conductor the charge density is zero. The charge
within the sphere now begins to fade away exponentially, but according
to (21) no charge can reappear anywhere within the conductor. What
becomes of it? Since the charge is conserved, the decay of charge
within the spherical surface must be accompanied by an outward flow,
or current. No charge can accumulate at any other interior point; hence
the flow must be divergenceless. It will be arrested, however, on the
outer surface of the conductor and it is here that we shall rediscover the
charge that has been lost from the central sphere. This surface charge
makes its appearance at the exact instant that the interior charge begins
to decay, for the total charge is constant.

UNITS AND DIMENSIONS

1.8. The M.K.S. or Giorgi System.—An electromagnetic fleld thus
far is no more than a complex of vectors subject to a postulated system of
differential equations. To proceed further we must establish the physical
dimensions of these vectors and agree on the units in which they are
to be measured.

In the customary sense, an ““absolute’” system of units is one in which
every quantity may be measured or expressed in terms of the three
fundamental quantities mass, length, and time. Now in electromagnetic
theory there is an essential arbitrariness in the matter of dimensions
which is introduced with the factors ¢ and uo connecting D and E, H
and B respectively in free space. No experiment has yet been imagined
by means of which dimensions may be attributed to either ¢ or o as
an independent physical entity. On the other hand, it is a direct conse-
quence of the field equations that the quantity

1

shall have the dimensions of a velocity, and every arbitrary choice of ¢
and po is subject to this restriction. The magnitude of this velocity
cannot be calculated a priori, but by suitable experiment it may be
measured. The value obtained by the method of Rosa and Dorsey of
the Bureau of Standards and corrected by Curtis! in 1929 is

(2) ¢ = —-—1:—_— = 2.99790 X 108 meters/sec.,
\/éo#o
1 Rosa and DorseY, A New Detevmination of the Ratio of the Electrostatic Unit
of Electricity, Bur. Standards, Bull. 3, p. 433, 1907. Curtis, Bur. Standards J.

Research, 8, 63, 1929.
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or for all practical purposes
3) c=3 X108 meters/sec.

Throughout the carly history of electromagnetic theory the absolute
electromagnetic system of units was employed for all scientific investiga-
tions. In this system the centimeter was adopted as the unit of length,
the gram as the unit of mass, the second as the unit of time, and as a
fourth unit the factor uo was placed arbitrarily equal to unity and con-
sidered dimensionless. The dimensions of ¢, were then uniquely deter-
mined by (1) and it could be shown that the units and dimensions of
every other quantity entering into the theory might be expressed in
terms of centimeters, grams, seconds, and . Unfortunately, this abso-
lute system failed to meet the needs of practice. The units of resistance
and of electromotive force were, for example, far too small. To remedy
this defect a practical system was adopted. Each unit of the practical
system had the dimensions of the corresponding electromagnetic unit and
differed from it in magnitude by a power of ten which, in the case of
voltage and resistance at least, was wholly arbitrary. The practical
units have the great advantage of convenient size and they are now
universally employed for technical measurements and computations.
Since they have been defined as arbitrary multiples of absolute units, they
do not, however, constitute an absolute system. Now the quantities
mass, length, and time are fundamental solely because the physicist has
found it expedient to raise them to that rank. That there are other
fundamental quantities is obvious from the fact that all electromagnetic
quantities cannot be expressed in terms of these three alone. The
restriction of the term “absolute’ to systems based on mass, length, and
time is, therefore, wholly unwarranted; one should ask only that such a
system be self-consistent and that every quantity be defined in terms of
a minimum number of basic, independent units. The antipathy of
physicists in the past to the practical system of electrical units has been
based not on any firm belief in the sanctity of mass, length, and time,
but rather on the lack of self-consistency within that system.

Fortunately a most satisfactory solution has been found for this
difficulty. In 1901 Giorgi,! pursuing an idea originally due to Maxwell,
called attention to the fact that the practical system could be converted
into an absolute system by an appropriate choice of fundamental units.
It is indeed only necessary to choose for the unit of length the inter-

1 Giorar: Unitd Razionali di Elettromagnetismo, Attr dell’ A.E.I., 1901. An
historical review of the development of the practical system, including a report of the
action taken at the 1935 meeting of the International Electrotechnical Commission
and an extensive bibliography is given by Kennelly, J. Inst. Elec. Engrs., 18, 235~
245, 1936. See alsc GLazeBRoOK, The M.K.S. System of Electrical Units, J. Inst.
Elec. Engrs., T8, pp. 245-247.
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national meter, for the unit of mass the kilogram, for the unit of time the
second, and as a fourth unit any electrical quantity belonging to the
practical system such as the coulomb, the ampere, or the ohm. From
the field equations it is then possible to deduce the units and dimensions
of every electromagnetic quantity in terms of these four fundamental
units. Moreover the derived quantities will be related to each other
exactly as in the practical system and may, therefore, be expressed in
practical units. In particular it is found that the parameter o must
have the value 4r X 10~7, whence from (1) the value of ¢, may be calcu-
lated. Inversely one might equally well assume this value of o as a
fourth basic unit and then deduce the practical series from the field
equations.

At a plenary session in June, 1935, the International Electrotechnical
Commission adopted unanimously the m.k.s. system of Giorgi. Certain
questions, however, still remain to be settled. No official agreement
has as yet been reached as to the fourth fundamental unit. Giorgi him-
self recommended that the ohm, a material standard defined as the
resistance of a specified column of mercury under specified conditions
of pressure and temperature, be introduced as a basic quantity. If
#o = 4r X 10~7 be chosen as the fourth unit and assumed dimensionless,
all derived quantities may be expressed in terms of mass, length, and
time alone, the dimensions of each being identical with those of the corre-
sponding quantity in the absolute electromagnetic system and differing
from them only in the size of the units. This assumption leads, however,
to fractional exponents in the dimensions of many quantities, a dircct
consequence of our arbitrariness in clinging to mass, length, and time
as the sole fundamental entities. In the absolute electromagnetic sys-
tem, for example, the dimensions of charge are grams? - centimeters?, an
irrationality which can hardly be physically significant. These fractional
exponents are entirely eliminated if we choose as a fourth unit the
coulomb; for this reason, charge has been advocated at various times as a
fundamental quantity quite apart from the question of its magnitude.!
In the present volume we shall adhere exclusively to the meter-kilogram-
second-coulomb system. A subsequent choice by the I.E.C. of some
other electrical quantity as basic will in nowise affect the size of our units
or the form of the equations.?

1 See the discussion by WarvoT: Elekirotechnische Zeitschrift, Nos. 44-46, 1922.
Also SoMMERFELD: ‘‘ Ueber die Electromagnetischen Einheiten,” pp. 157-165, Zeeman
Verhandelingen, Martinus Nijhoff, The Hague, 1935; Physik. Z. 36, 814-820, 1935.

% No ruling has been made as yet on the question of rationalization and opinion
seems equally divided in favor and against. If one bases the theory on Maxwell’s
equations, it seems definitely advantageous to drop the factors 4r which in unrational-
ized systems stand before the charge and current densities. A rationalized system
will be employed in this book.









































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































